The matrix expression and relationships among several definitions of Boolean derivatives are given by using the Cheng product. We introduce several definitions of Boolean derivatives. By using the Cheng product, the matrix expressions of Boolean derivative are given, respectively. Furthermore, the relationships among different definitions are presented. The logical calculation is converted into matrix product. This helps to extend the application of Boolean derivative. At last, an example is given to illustrate the main results.
Introduction
Boolean algebra was first proposed by George Bole in 1847. It is basic to many aspects of computing. Boolean calculus was first put forward by Daniell in 1 . From then on, great interest has been drawn, and many papers have come out; see 2-5 and references therein. Some forty years after the Boolean calculus was proposed, Boolean derivative was introduced in 6, 7 and applied to switching theory. From then on, Boolean derivative has developed quickly and has been applied in many fields; see 4, 8-13 and references therein. The application of Boolean derivative contains analysis of random Boolean networks 10 , design of discrete event systems 11 , and cellular automata 12 . Especially, Boolean derivative is widely used in damage spreading and Lyapunov exponents 13 in cellular automata.
Recently, the semitensor product or Cheng product of matrices is proposed and it is successfully applied to express and analyze the Boolean networks. The biggest advantage using this new tool is that it can convert a logical system into a classic discrete dynamical system 14 . After the conversation, the calculation can be easily achieved by the Matlab toolbox. However, the logical calculation is hard to realize before this new tool comes out. It has been applied to present many properties of Boolean networks, such as the
Preliminary
The semitensor product, that is, Cheng product is the crucial tool in the present paper. The matrix product is assumed to be the semitensor product in the following discussion. In most cases, the symbol is omitted. A review of basic concepts and notations will be given 14 as follows. In this section, we will introduce several different definitions of Boolean derivatives. Using the Cheng product, we successfully convert the logical expression into the matrix expression. In addition, the relationships among different definitions of Boolean derivatives are obtained.
In the following, we will introduce some definitions of Boolean derivatives for the logical function f x 1 , x 2 , . . . , x n .
Definition 3.1 see 19 . One gets that
where P ⊕ Q denotes the "Exclusive OR" in logical calculation. This definition has been proposed for a long time, and it can also be described as
Definition 3.2 see 21 . Let b be an n-variable vector and b e i
. . , and e n 0, 0, . . . , 0, 1 , define 
where Φ n is the power-reducing matrix defined in 14 .
In the following, we will discuss the relationships among the different definitions of Boolean derivatives by using the Cheng product.
First, we give a Lemma that will be used in the proof of Theorem 3.7.
Proof. One assumes that 
is the power-reducing matrix defined in 14 .
Throughout directional computation, we get that
This completes the proof.
Next, two Theorems are given to illustrate the relationships among the different definitions. Theorem 3.7 shows the relationships of Definitions 3.1 and 3.4; Theorem 3.8 states the relationships between Definitions 3.1 and 3.2.
Theorem 3.7. One gets that
Proof. Therefore,
6
Journal of Applied Mathematics According to Lemma 3.6, one obtains that
Theorem 3.8. Since,
3.11
Proof. We prove the statement by induction on k.
1 The formula is true for k 1, 2. For k 1, it is obviously true. For k 2:
3.12
While,
3.13
Thus, it's true for k 1, 2.
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Assume that the statement is true for k m:
3.14 For k m 1,
3.15
In addition,
3.16
If we define a Boolean cellular automata with N cells by a global mapping
A local transition rule f of F is given as follows: it consists of its two neighborhood and the considered cell itself
Define the Boolean derivative of 
4.5
Throughout the directional computation, we can get the following Jacobian matrix:
4.6
From the Jacobian matrix, one can see that the new value of the cell is determined by its two neighbors and the cell itself. In the Jacobian matrix, the 1 s shows us that the rule 150 is linearly dependent of the augments, respectively.
Discussion
Boolean derivative is an important topic in the research of Boolean function. It has wide applications in different fields. There are several different definitions about the Boolean derivatives. Each definition has its own meaning and application in respective domain. In this paper, we introduce several definitions of Boolean derivatives. Furthermore, the relationships Journal of Applied Mathematics among them are presented. We show the meanings of them, and the matrix expressions of them are also given.
Throughout the paper, the main tool used is the semitensor product, that is, Cheng product. It is a very useful tool. It generalizes the matrix product. In classic matrix product, it is necessary to guarantee that the number of columns of the left matrix matches the number of rows of the right matrix. However, it is not necessary in Cheng product. Cheng product has most of the properties of matrix product, and it has many other new advantages. Cheng product has been now used in many research. In this paper, Cheng product is applied in obtaining the relationship among different definitions. The calculation of logic variables has been converted into matrix product. It is interesting and meaningful. Using the results obtained, the application of Boolean derivative in cryptography and other fields might be extended.
Conclusion
In this paper, firstly we have introduced several definitions of Boolean derivatives. Then, we have given formulas to calculate Boolean derivatives by using the semitensor product, that is, Cheng product. We have also investigated the relationship among different definitions of Boolean derivatives. At last, an application is presented to illustrate the main results.
